Formulating the statistical mechanics for a non-minimal scalar field in a black hole background we propose modification of the original 't Hooft "brick wall" prescription. Instead of the Dirichlet condition we suggest some scattering ansatz for the field functions at the horizon. This modifies the energy spectrum of the system and allows one to obtain the correct dependence of the statistical entropy on the non-minimal coupling. The entropy renormalizes the classical Bekenstein-Hawking entropy in the correct way and agrees with the result previously obtained within the conical singularity approach. We apply this calculation to a model of induced gravity and demonstrate that the Bekenstein-Hawking entropy can be entirely induced as statistical entropy of constituent fields.
Introduction
A common hope during last years is that the study of quantum entropy of black hole can shed light on the problem of obtaining a statistical meaning of the Bekenstein-Hawking entropy [1] , [2] . A number of different approaches was proposed (see reviews in [3] ).
According to 't Hooft [4] (see also [5] ) the entropy arises from a thermal bath of quantum fields propagating just outside the horizon. This is a purely statistical calculation treating the quantum thermal bath as a system characterized by some energy spectrum. Being in equilibrium at a temperature T = β −1 , the states of the system are distributed according to Gibbs. An important feature of this calculation is that the density of states becomes infinite approaching the horizon. That is why 't Hooft introduced a "brick wall", a fixed boundary staying at a small distance ǫ from the horizon. Assuming that the quantum fields do not propagate within this wall, 't Hooft imposed the Dirichlet condition at the boundary. A reformulation of this model was suggested in [6] by using the Pauli-Villars regularization scheme. Introducing a number of fictitious fields (regulators) of different statistics and masses (dependent on UV regulator µ), it was shown that this procedure not only regularizes the UV problem in the effective action but also automatically implements a cutoff for the entropy calculation allowing one to remove the "brick wall". Thus, the "brick wall" can be conveniently considered [7] as a fictitious boundary the role of which is just to make the calculation simpler.
In an alternate approach the entropy arises from entanglement by means of the density matrix obtained by tracing over modes of the quantum field propagating inside the horizon [8] , [9] , [10] , [11] .
The powerful method to calculate both the classical and quantum entropies of a hole is to apply the Euclidean path integral approach [12] . For an arbitrary field system it entails closing the Euclidean time coordinate with a period β = T −1 where T is the temperature of the system. This yields a periodicity condition for the quantum fields in the path integral. In the black hole case for arbitrary β this procedure leads to an effective
Euclidean manifold which has a conical singularity at the horizon that vanishes for a fixed value β = β H . The entropy is calculated by differentiating the corresponding free energy with respect to β and then setting β = β H . This procedure was consistently carried out for a static black hole and resulted in obtaining the general UV-divergent structure of the entropy [13] - [16] .
For a quantum matter minimally coupled to gravity these three methods to calculate the entropy lead to the compatible results [6] , [10] , [11] , [14] , [15] , [16] and predict the similar structure of the UV divergences of the entropy. As was proposed by Susskind and
Uglum [14] , these divergences are absorbed in the renormalization of Newton's constant and, according to [16] , in the renormalization of the higher curvature couplings in the effective action. So far, however, there has not been agreement between these approaches for the quantum entropy due to a matter non-minimally coupled to gravity. This problem was considered in [17] , [18] , [19] , [20] , [21] , [22] .
The peculiarity of the non-minimal coupling is easily seen in the conical singularity approach [18] . Consider the Euclidean path integral for a scalar field with the nonminimal operator −2 ξ ≡ −2 + ξR. For an Euclidean manifold with a conical singularity the scalar curvature behaves at the singularity as δ-function even if the regular part of the curvature vanishes. This δ-like potential modifies the spectrum of the operator −2 ξ and the resultant path integral. The similar phenomenon happens for a manifold with boundaries [21] . In that case the operator −2 ξ has a δ-like potential concentrated on the boundary. In result, the conical singularity method gives rise to the following entropy due to the non-minimal quantum scalar matter [18] :
where A Σ is the area of the horizon Σ and {n i , i = 1, 2} is a pair of vectors orthogonal to Σ. The constants c 1 (µ) and c 2 (µ) depend on the UV (energy) cutoff µ and for large values of µ they grow to leading order as µ 2 and ln µ 2 respectively.
The divergences in (1.1) take the correct form so that in combination with the bare entropy they are absorbed in the renormalization of Newton's constant and the quadraticcurvature couplings in the effective action. In particular, Newton's constant is renormal-ized as follows [23] 1
One can see that even in flat space there still exists dependence on ξ in the quantum entropy (1.1) and in the renormalization of Newton's constant (1.2).
There are simple arguments showing that the quantum entropy in the 't Hooft approach has a different dependence on ξ. Consider a black hole background satisfying the constraint R = 0. Then, solutions of the field equation of motion (2 − ξR)φ = 0 are the same as for ξ = 0. Consequently, the energy spectrum of the system and the entropy are not effected by the non-minimal coupling. The similar arguments are applicable for the entanglement entropy as well to argue that this entropy also does not depend on ξ. This allowed some authors to make a conclusion that "entropy of a quantum matter non-minimally coupled to gravity does not have a statistical meaning". An important circumstance missed in this sort of arguments is that a non-minimal matter possesses some non-trivial interaction with the horizon (the importance of this interaction was argued in [21] ). The "brick wall" prescription is not appropriate to describe this interaction.
The goal of this paper is to modify the 't Hooft approach in order to get the correct ξ-dependence for the statistical entropy and obtain the correspondence with the conical singularity method.
An important point in our consideration is an idea that in the non-minimal case we are obliged to impose certain boundary condition the form of which directly follows from the form of the non-minimal coupling. Therefore, our strategy is to replace the Dirichlet boundary condition appearing in the original 't Hooft calculation by some ξ-dependent condition. A motivation for this, actually, comes from the Euclidean version of the theory. Indeed, the presence in the operator −2 ξ of the δ-like potential concentrated on the boundary or at the conical singularity can be precisely re-formulated as imposing an appropriate condition on the field functions on the boundary or at the singularity respectively. In the Euclidean theory these conditions are found to take a simple form [24] . To make our condition in the Minkowskian space-time more clear, note that the standard Dirichlet condition for a wave equation means that a wave is reflected by the boundary with the change of phase equal to π. Analogously, what we propose is essentially an ansatz for the field function near the horizon that describes scattering by the hole with some non-trivial change of phase. As a result of the scattering, in the spectrum of the system appear some low-energy modes the density of which, being proportional to ξ, grows as g −1/2 (ǫ) approaching the horizon. Namely the contribution of these modes to the statistical entropy is essential to obtain the correct dependence on ξ in agreement with (1.1). In principle, our calculation is quite similar to the standard statistical consideration of the non-ideal gas [25] : the corrections to the thermodynamical quantities of the ideal gas are expressed via the two-particle scattering phase shift. The only difference from our case is that in our model a particle interacts with the horizon rather than with other particles. It is important to note that we propose the scattering not just for needs of the entropy calculation. We believe that it is an actual interaction between the non-minimal matter and the horizon that is dictated by the form of the non-minimal coupling.
WKB field function and boundary condition
A straightforward generalization of the approach [4] , [6] is to consider the more general case of static black hole with the spheri-symmetric metric written in the form:
Not assuming this metric to satisfy any concrete field equations, we suppose that g(r)
is a non-negative function having a simple zero at r = r + where it behaves as g(r) =
. This corresponds to the position of the outer event horizon at r = r + . The Hawking temperature calculated for the metric (2.1) is
H . Note that the scalar curvature R for the metric (2.1) is function of only radial coordinate r.
In this black hole background we consider a non-minimal scalar field which satisfies the equation:
Expanding the wave function in spherical coordinates φ = e ıEt Y lm (θ, ϕ)f (r), we obtain the equation on the radial function
3)
The WKB approximation provides us with the following solution of the Eq.(2.3): R). The WKB approximation, being well-defined for large values of l, does not give this result. Correcting this, we arrive at the following wave function In what follows, we neglect its derivatives with respect to r and omit writing it in the formulas.
Consider a boundary Σ ǫ staying at a small distance ǫ from the horizon Σ. In the limit ǫ → 0 it approaches the horizon Σ ǫ → Σ. The parameter ǫ is assumed to be smaller † than any UV cutoff µ −1 appearing under regularization of the quantum field theory [7] , and such quantities as µ 2 g(ǫ) are considered to be negligible. Therefore, the boundary Σ ǫ plays an intermediate role just to simplify the consideration. The condition, in principle, can be imposed directly on the horizon.
In order to arrive at an idea of the boundary condition to be imposed on Σ ǫ let us start with the following "simple-minded" condition:
where n µ is vector normal to Σ ǫ and κ is the extrinsic curvature of Σ ǫ , κ = ∇ µ n µ . Namely the condition of this type appears in the Euclidean version of theory [24] . For the metric † Explicitly, this means that µ(ǫβ H ) 1/2 << 1.
(2.1) and sufficiently small ǫ the condition (2.6) reads
where ξ ⋆ = 2πβ
H ξ. For the function (2.5) it gives the expression for the constant A: A = e ıη(k) . The phase η(k) is defined as follows:
where k(ǫ) = k(r = r + + ǫ).
The condition we are looking for is a ξ-dependent modification of the Eq.(2.7). Curiously enough, an appropriate condition takes the form
where (g(r)∂ r − ξ ⋆ ) ν is a pseudo-differential operator. It acts as follows
where we neglected the derivatives of k(r). The condition (2.9) leads to the following
where η(k) = 2 arctan
is defined as in (2.8). Remarkably, for ν = 0 (ξ = 0) the Eq.(2.9) coincides with the Dirichlet condition.
With the condition (2.9) imposed, the WKB field function takes the form
This is that ansatz which we propose for the field function near the horizon. The function (2.11) is valid in the region r + + ǫ ≤ r ≤ r E , where r E is determined by the equation
The precise meaning of the condition appears when we consider the field function at the horizon. Introduce new coordinate z = r g −1 dr. Then, at the horizon (z goes to −∞) the function (2.11) becomes
where z 0 is a constant, and describes scattering by the hole with change of phase νη(E) + π(ν + 1).
Density of states and entropy calculation
In order to discretize the energy spectrum and simplify counting of states we impose also the Dirichlet condition φ = 0 for r = r E . This gives the quantization condition
where n is an integer number. Inverting this, we get the expression for the number of the states with energy E at the level l:
The constant (− The total number of states with energy E is obtained by summing over the degeneracy of the angular modes:
where the sum over l has been approximated by an integral, and this integration runs over non-negative values of l for which the square roots k(r) and k(ǫ) in the integrand are real. After the integration we have
and
One can think about this system of particles as consisting of two components: the ordinary particles with the number n 0 (E) as in the original 't Hooft model and the scattering particles with the number n 1 (E). Remarkably, n 1 (E) is proportional to the horizon area A + = 4πr 2 + . Both n 0 and n 1 are determined for E ≥ Mg 1/2 (ǫ) and vanish for E = E min = Mg 1/2 (ǫ).
The densities of states at E = E min , however, behave differently. For ordinary modes we have ‡ ∂ E n 0 = 0 at E = E min while the density of the scattering states takes at E = E min the finite value
which diverges in the limit ǫ → 0. For large E the density ∂ E n 1 goes to constant value
−ν2r
2 + (πg(ǫ)) −1 ξ ⋆ . Someone can be worried that the total number of states n(E) for ξ > 0 is negative for E ≃ E min . However, one should consider n(E) for the whole quantum field system: the original scalar field plus the regulator fields. Provided that this is done, we get a positive value for the total number n(E).
To determine the thermodynamics of this system, we consider the free energy of a thermal ensemble of scalar particles with an inverse temperature β
where we separate the contributions due to the ordinary modes and the scattering modes.
Applying Pauli-Villars regularization scheme for the present four-dimensional scalar field theory, one introduces five regulator fields {φ i , i = 1, ..., 5} of different statistics and masses {m i , i = 1, ..., 5} dependent on the UV cut-off µ [6] . Together with the original scalar φ 0 = φ (m 0 = m) these fields satisfy two constraints: Additionally, we assume that all the fields have the same non-minimal coupling ξ i = ξ, i = 0, ..., 5. Not deriving the exact expressions for m i , we just quote here the asymptotes 6) where b 1 and b 2 are some constants, valid in the limit µ → ∞. ‡ Actually, all derivatives of the function n 0 (E) vanish at E = E min .
With contribution of each field added the free energy (3.5) becomes
For the scattering modes of a single field we have
Integrating over E in (3.8) and focusing only on the divergent for small ǫ terms, we find
, (3.9) where χ is an independent on M constant. Summing contributions of each field φ i , we
where
Our calculation of a part of the free energy due to the ordinary modes essentially repeats for more general static metric (2.1) the calculation presented in [6] . In the expression for the free energy of a single field we can integrate by parts and get
Focusing on the divergences at the horizon in the expression for the number of ordinary modes n 0 (E) (3.2) we find 1) . Substitution of this in (3.11), integration over E and summation for all fields φ i give us the total free energy due to the ordinary modes:
It is a manifestation of the mechanism discovered in [6] that the expressions (3.10) and (3.13) are regular in the limit ǫ → 0. There is a precise cancelation of the divergences between the original scalar and regulator fields. The resultant expressions, however, become dependent on the UV regulator µ.
Altogether, (3.10) and (3.13) give the total free energy (3.7) of the system. Calculation of the entropy S = β 2 ∂ βF at the Hawking temperature
Using the definitions of C and
− ξ)R, and assuming that the value of the scalar curvature R at the horizon is much smaller than each m 2 i , we arrive at the expression
which exactly reproduces (1.1) provided that the identities (3.6) are used. This is our main result. In minimal case (ξ = 0) and for the Reissner-Nordstrem background Eq. (3.15) coincides with the result of [6] .
Black hole entropy in induced gravity
The statistical calculation presented above is essential to provide the statistical meaning of the black hole entropy in induced gravity. According to an idea originally proposed by Sakharov [26] the gravitational action appears in the low energy regime by averaging over the constituent matter fields. By suitable choice of the constituents the induced Newton's constant G ind is UV finite and is determined by the mass of the heaviest constituent.
This mass is presumably at the Planck scale. In the similar manner, it was proposed by Jacobson [27] that it is likely to induce the Bekenstein-Hawking entropy as the statistical entropy of the constituents. Recently, these issues were considered in [22] for the concrete realization of the induced gravity. In what follows, we apply our entropy calculation to this induced gravity theory. The detailed description of the model can be found in [22] .
The constituents in this model are N s scalar and N d Dirac fields. Each scalar is supposed to couple non-minimally with scalar curvature R of the background metric with the coupling constant ξ s . A few constraints are imposed on the parameters of the constituents to ensure the UV finiteness of the induced Newton's and cosmological constants.
We quote here only the constraints
which are responsible for finiteness of G ind . As it is seen from the last of these constraints, the constituents are necessarily to couple non-minimally: not all ξ s can be vanished.
It is a consequence of the consideration in [21] that the Einstein action is induced directly in the Gibbons-Hawking form [12]
with the correct balance between the volume and boundary terms. The induced Newton's constant in (4.1) is expressed by means of the parameters of the constituents [22] 1
Consider now the statistical mechanics of the constituents in a black hole background along the reasoning presented in the previous Sections. The total entropy is a sum over all constituents:
Performing the UV regularization with the same cutoff µ for each constituent and applying the Eqs.(3.15) and (3.6), we have in the leading order
for the entropy of each bosonic and fermionic constituent respectively. Using the constraints on the parameters of the constituents, we find that the UV regulator µ drops out in the expression (4.3). The total entropy, thus, is UV finite and is determined by the parameters of the constituents only
Remarkably, it takes precisely the Bekenstein-Hawking form 
Concluding remarks
The condition we propose for the field function is formulated in terms of a condition on the boundary Σ ǫ . However, as it is explained above, its precise meaning is just to provide us with some scattering ansatz. This corresponds to the actual situation: black hole horizon is rather a scattering center than a real boundary.
A puzzling behavior of the quantum entropy of the non-minimal matter is that for ξ > 1 6 the leading term in Eqs.(1.1) and (3.15) becomes negative. This seems to contradict with that the statistical entropy is a "by definition" positive quantity. This problem was discussed in [19] , [18] and more recently in [28] . As it was noted in [18] , in quantum field theory we may expect breaking of some properties obviously valid in the classical theory.
The conformal anomaly is a good example of this. However, we can fit parameters of quantum model to get the same properties as in classics. A good illustration of this point is the induced gravity considered in the Section 4. One can see that the induced entropy . It looks like we have some type of phase transition to the strong coupling regime. An evidence for this is that for ξ = this comes when we consider the formal limit ξ → ∞. In this limit the change of phase in (2.12) becomes a constant not dependent on energy E. Therefore, the number of the scattering modes, being energy independent, does not contribute to the entropy. These implies that in the strong coupling regime the quantum entropy due to the scattering component likely behaves as ξ −1 vanishing for ξ → ∞.
Other issue to be mentioned is that the scattering ansatz (2.12) leads to some quite simple expression for S-matrix the poles of which correspond to bound states. The appearance of the bound states in the spectrum of the theory is itself an interesting possibility.
On the other hand, their contribution to the entropy might be crucial for the resolution the "positive entropy problem".
As the final remark, note that the δ-like interaction of the non-minimal matter with the horizon can be important to give interpretation of the entropy of black hole as an entanglement entropy.
These and other related issues are subject for further investigation.
